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We extend the generalized tan h method to the variant Boussinesq equations and obtain certain 
solitary-wave and new exact solutions. 

The Boussinesq-typed equat ions belong to the most 
f amous class of nonlinear evolution equat ions (see e.g., 
[1]). The set of the variant Boussinesq equat ions [2], 

Ht + (Hu)x + uxxx = 0, (1) 

u, + Hx + uux = 0 , (2) 

is one of the models for water waves. Lately, the set 
was found to possess travelling- or solitary-wave solu-
t ions with error [3] (to be explained later). 

We now investigate (1) and (2) with an extended 
version of the generalized tanh me thod [4, 5] and sym-
bolic computa t ion , aiming at certain exact solut ions 
beyond solitary waves. To begin with, we conjecture 
tha t those solutions be of the form 

u (x, t) = s4 (x, t) + Z (t) • t a n h J [ f (f) x + 0 (t)], 
j= i 

< 4 > 

H(x, t) = ^ ( x , t)+ £ £>j(t) • t a n h ' [ f (r)x + 0 ( 0 ] , 
j= i 

where M and N are integers, and sn? (x, t), ^ (O's, 
V(x, t), ®j(t)\ f (r) and 0(t) are differentiable func-
tions. The x-linear proposa l is based on the consider-
at ion that the physical fields H (x, t) and u (x, t) have 
only a first derivative with respect to t but higher-
order derivatives with respect to x. O u r extension 
hereby is to assume tha t s / (x, t) and ^ (x, t) are func-
tions not only of t but also of x. 

O n balancing the highest-order contr ibut ions f rom 
the linear terms with the highest order contr ibut ions 
f rom the nonl inear terms, we get M = 2 and N = 1, so 
that 

u(x, t) = j*(x,t) + £i (t) • t a n h [ f (*)x + 0(t)], (5) 

H(x, t) = <€(x, t) + (t) • t anh [ f ( t ) x + 0 (t)] + S>2 (t) • t a n h 2 [ f ( t)x + 0 (t)], (6) 

where ^ (t) # 0, S>2 (t) # 0 and f (;t) # 0. 
Symbolically computing (1) and (2) with (5) and (6) yields 

9tx <€ f sech2 + + s e c h 2 ( f x + 0) - 2 f 3 s e c h 4 ( f x + 0) + % + %s>/x 

+ sech2 ( f X + 0) t anh ( f x + 0 ) + 2 tf S>2 f sech2 ( f x + 0 ) tanh ( f x + 0 ) 

+ 3 J 1 ® 2 ? / sech2 ( f x + 0 ) t anh 2 ( f x + 0 ) + 4 ^ f 3 sech2 ( f x + 0 ) t anh 2 ( f x + 0 ) 

+ ^ t t a n h ( f x + 0 ) + ^ 2 > ( t a n h 2 ( f x + 0 ) + f , s e c h 2 ( f x + 0 ) + + stxxx 

+ 2 x 9>2 f ( s e c h 2 ( f x + 0 ) t a n h ( f x + 0 ) + 2 0t sech2 ( f x + 0 ) tanh ( f x + 0 ) 

+ 9 1 0 f sech2 ( f x + 0 ) + ® y s t x t anh ( f x + 0 ) + 0 2 , < t a n h 2 ( f x + 0 ) 

+ %>x tanh ( f x + 0 ) = 0 , (7) 
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f s e c h 2 ( f x + 0 ) + f s e c h 2 ( f x + 0 ) + f s e c h 2 ( f x + 0 ) t a n h ( f x + G) + tfs/x 

+ 2 ^ 2 f s e c h 2 ( f x + 0 ) t a n h ( f x + 0 ) + t a n h ( f x + 0 ) + x ^ x ^ s e c h 2 ( f x + 0 ) 

+ 0 t s e c h 2 ( f x + 0 ) + s/t + ^ j / x t a n h ( f x + 0 ) + = 0 . (8) 

When we equate to zero the coefficients of like powers of t a n h ( f x + 0 ) , after some algebraic manipulat ions 
(7) and (8) turn out to be 

t a n h 4 ( f x + 0 ) , t a n h 3 ( f x + 0 ) : 

t a n h 3 ( f x + 0 ) , t anh 2 ( f x + 0 ) : 

}2{t)=-2V2(t), = ± 2 f ( t ) , 

±®l{t)-etit)-vt{t)x 
d (*> 0 = » (0 = 0 , 

t anh 2 ( f x + 0 ) , 

t anh ( f x + 0 ) , t anh ( f x + 0 ) : 

f 0) 
= 2 f (t) + , w 

f (t) 

satisfied au tomat ic l ly . 

f (0 

= # ( 0 o n l y , 

(9) 

(10) 

(11) 

(12) 

Then, equat ing to zero the coefficients of like powers 
of x with integrations gives rise to 

x ° , x : f (t) 
1 

ixt + ß 

r y 

( / M O ) , 

It is easy to show that the solutions found in [3] are 
special cases of (15) and (16) with the choice of a " + " 

(13) sign in (15). It is also noted tha t (25) in [3] is incorrect. 

, +<5 if a # 0 , 
—, x : 0(t)=Ut + ß (14) 

Family I : Solitary-wave solutions with a = 0 

u1 (x, t) = ± — tanh 

H1 (x, t) = -jp sech2 ( — + C t + rj 

~ßC, (15) 

Family II: New exact solutions with a ^ 0 and | x | ^ oo 

(17) 

u"(x,t) = I ( t + t] otherwise , 

where a, ß, y, Ö, ( and q are integration constants . 
The last step is to substi tute everything back into (5) Hn{x t) = 

and (6), so that we obta in a couple of families of ana-
lytical solutions for (1) and (2), as follows: 

1 

a t + ß 

2 

(at + ß): 

+ 2 • tanh 
x + y 

sech2 

oct + ß 

x + y 

+ <5 + a ( x + y) 

a t + ß 
+ S ± 

a t + ß 
(18) 

Those families provide informat ion on the mot ion of 
water waves. 
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